The calculation of finite temperature ESR spectra for concrete specified crystal configurations is a very important issue in the study of quantum spin systems. Although direct evaluation of the Kubo formula by means of numerical diagonalization yields exact results, memory and CPU-time restrictions limit the applicability of this approach to small system sizes. Methods based on the time evolution of a single pure quantum state can be used to study larger systems. One such method exploits the property that the expectation value of the autocorrelation function obtained for a few samples of so-called thermal typical states yields a good estimate of the thermal equilibrium value. In this paper, we propose a new method based on a Wiener-Khinchin-like theorem for quantum system. By comparison with exact diagonalization results, it is shown that both methods yield correct results. As the Wiener-Khinchin-based method involves sampling over thermal typical states, we study the statistical properties of the sampling distribution. Effects due to finite observation time are investigated and found to be different for the two methods but it is also found that for both methods, the effects vanish as the system size increases. We present ESR spectra of the one-dimensional XXZ Heisenberg chain of up to 26 spins show that double peak structure due to the anisotropy is a robust feature of these spectra.
I. INTRODUCTION
be negative in the AC method. We find that as the size of system increases, for both methods, the effects of finite time interval disappear and the ESR spectra are very similar. For large systems, the AC method is the most efficient one because a single sample of a random state yields accurate result. We use both methods for applications to large systems which have not yet been studied in previous works. In particular, we compute spectra for one-dimensional XXZ model up to 26 spins and show that the double peak which was found in earlier work [13] is almost independent of the system size, indicating that the double-peak structure will be present in the thermodynamic limit.
The outline of this paper is as follows. A brief overview on the methods previously used is given in Sec II. In Sec. III, we introduce the new method motivated by the Wiener-Khinchin theorem, and study statistical properties of the method in detail in Sec. III C. In Sec. IV, we show the distribution of sampled data of the spectrum obtained by the AC and WK methods. The total amplitude of the spectrum, which is fundamental information in ESR studies, is discussed in Sec. V. Section VI presents applications of the methods to large systems. Summary and discussion of related problems are given in Sec. VII. Appendix A discusses the effect of the finite time interval on the spectrum for the both methods and Appendix B gives a detailed analysis of the statistical properties of the thermal typical state for the both methods.
II. RECAPITULATION OF EXISTING METHODS

A. Kubo formula and ESR spectrum
The ESR spectrum is given by the Kubo formula [7, 8] . The imaginary part of the dynamical susceptibility χ ′′ (ω) reads 1
and the ESR absorption spectrum is given by
where λ 0 is the amplitude of the external field, and we adopt
For the numerical calculation the ESR absorption spectrum, several methods have been developed. There are essentially two types of methods: (1) Exact diagonalization method [10, 13] and (2) Time-evolution of the autocorrelation function method [16] .
B. Exact diagonalization (ED) method
The most direct calculation of the Kubo formula uses the set of eigenvalues and eigenvectors {E n , |n } D n=1 obtained by solving the eigenvalue problem
for the hamiltonian H , D denoting the dimension of the Hilbert space. In practice, we solve Eq. (5) by numerical diagonalization. The autocorrelation function M x (0)M x (t) eq is expressed as
where Z is the partition function
The Fourier transform of Eq. (6) reads
where we used the definition
The imaginary part of the dynamical susceptibility reads χ
where
It is sufficient to consider ω m,n > 0 only since we are interested in the absorption, not the emission. Note that χ ′′ (ω) > 0 for ω > 0.
In the exact diagonalization approach, the spectrum consists of a finite sum of delta functions. Therefore, to draw the spectrum, we have to represent each delta function by a regular function of certain width. For example, we may replace the delta function by a Gaussian or simply use a histogram representation. The results of the exact diagonalization are exact, usually close to machine precision, but we need to know all the eigenvalues and corresponding eigenstates. Therefore, we need memory of the order of D 2 for a matrix of the size D = 2 N for systems of N S = 1/2 spins. If the system has symmetry, we may reduce the size. For example if the system conserves M z , then D is reduced to N C N/2+M z . Moreover for ESR spectra, only the uniform mode is relevant and therefore only the fully symmetrized states are necessary, which also allows a reduction of D. However, the memory limitation prevents us from studying more that N = 20 S = 1/2 spins. As an illustration, we use the exact diagonalization approach to study the one-dimensional spin-1/2 XXZ model in a static magnetic field H and compute the response of the magnetization along the x axis to the AC-field λ (t). The hamiltonian of the system is given by
where we impose the periodic boundary condition S α N+1 = S α 1 , α = x, y, z unless otherwise mentioned. Hereafter we adopt Kelvin as the unit of energy and we set gµ B = 1.
In Fig. 1 , we show an example of spectrum obtained by exact diagonalization method for an antiferromagnetic Heisenberg chain with N = 16 with the static field H = 5K at the temperature β −1 = 100K. The notation and the parameters of the model are set to be the same as those in the model studied in the previous study [13] (J x = J y = 1K, J z = 0.92K).
The spectrum consisting of an ensemble of the delta peaks (Eq. (10)) is plotted as a histogram with small bins ∆ω. In the exact diagonalization (ED) method, we are free to choose any value of ∆ω. Anticipating for the comparison with the two other methods, we take ∆ω = 2π/T where T = dt × n t , dt = 0.5 and n t = 16384 is the number of data points. 
C. Autocorrelation function method
According to the Kubo formula (Eq.(1)), the spectrum is given by Fourier transform of the autocorrelation function. Because of the symmetry
where * denotes complex conjugate, we have
where Re[·] denotes the real part. Therefore, to compute Eq. (14) , it suffices to have AC data for the interval [0, T ]. We obtain the spectrum by discrete Fourier transform (DFT) of the AC data
where n t is the number of data items. The DFT of Eq. (14) is given by
Note that the absorption and emission spectrum correspond to ω k > 0 and ω k < 0, respectively. The maximum angular frequency (2π times Nyquist frequency) that can be represented by the DFT Eq. (16) is given by πn t /T . For a magnetic field H = 5K, the main contribution to the absorption spectrum peak comes from a narrow peak around ω ≈ 5K. In our numerical work we take dt ≡ T /n t = 0.5. Therefore the largest value of omega (2π times the Nyquist frequency) is (2π/T ) × (n t /2) = π/dt = 2π ≈ 6.28 > 5, which is large enough to cover the full spectral range. In Fig. 2 (left), we show the spectrum for a system of N = 6 spins at the temperature β −1 = 100K, obtained by using a time series of n t = 16384 items. Clearly, the spectrum is suffering from fine oscillations with negative values values, which is called the Gibbs oscillation [25] . This oscillation is due to the fact that the range of the time integral is finite and that there are eigenvalues that do not not exactly match one of the ω k . This artifact can be suppressed by employing a suitable window function [25] , for instance a Gaussian window (see Appendix A). As shown in Fig. 2 (Right), the Gibbs oscillation is reduced and the result is consistent with the one derived with the exact diagonalization method with the resolution of O(α) (α is an artificial parameter which determines the resolution of the spectrum. See Appendix A for the precise definition). The spectrum obtained by exact diagonalization method and by the time-evolution method: N = 6, temperature β −1 = 100K, H = 5K, sampling time dt = 0.5, the number of data items n t = 16384, and the ω-mesh π/T = π/(n t × dt) (blue line). The exact diagonalization result (green line), uses an ω-mesh ∆ω = 2π/16384, which corresponds to the frequency π/T used in time-evolution method. Left: the spectrum obtained by exact diagonalization (green line) and by time-evolution method without window functions (blue line). Strong Gibbs oscillation is found. Right: Same as left except that a Gaussian window function with standard deviation α/T = 7/8192 = 0.00085 (α = 7) is used. Clearly, the Gibbs oscillation is suppressed. [16, 17] or "a canonical thermal pure quantum state" [24] , where |Φ denotes a random state on the D-dimensional hypershere. In essence, we have [22] 
We briefly explain the ideas behind this method. Let {|n } D n=1 be an arbitrary set of complete orthonormal states of the Hilbert space of the system. Using the complex-valued random variables {ξ n } D n=1 , we introduce a random vector:
Note that this construction is independent of the choice of the basis set {|n } D n=1 . Unlike in [A. Hams and H. De Raedt, PRE (2000)] , to simplify the mathematics, we will work with independent complexvalued Gaussian random variable for each index n. They have identical Gaussian distributions with mean zero and variance 2σ 2 for all real and imaginary parts of the variables. By E[·], we denote the expectation with respect to the multivariate Gaussian probability distribution:
The following relations hold:
which are used in the following calculations. For any matrix X we have
and because Φ|X † |Φ = Φ|X|Φ * , the corresponding variance is given by
a|X|a b|X|b
The relative standard deviation is defined by
Next, we introduce the thermal typical state |Φ β for the system at an inverse temperature β :
where Φ β |Φ β = Φ|e −β H |Φ is an approximation to the partition function Z β . As shown in Appendix B, the RSD of
Thus, hereafter we only estimate the RSD of the numerator for the thermal average. In our calculations, we take averages of the dominator and the numerator with respect to the same samples {|Φ β }:
where N is the number of samples. But if we take the average of the ratios of samples, we obtain the same result in the limit D → ∞ (see Appendix B):
The autocorrelation function M x M x (t) eq is given by
The RSD of the autocorrelation function also vanishes with increasing D (see Appendix B). Thus, for a sufficiently large system, a few samples suffice to estimate the autocorrelation function. Here it should be noted that strictly speaking Eq. (13) 
and then obtain the expectation value of the autocorrelation as
To perform the operations e −β H /2 and e −iH t on the states, we may use the Chebyshev method or the Suzuki-Trotter decomposition method. In the present study we used the Chebyshev method for e −β H /2 |Φ and mostly used the product method for e −iH t |Φ β .
III. WIENER-KHINCHIN METHOD
In this section, we propose a new method that makes use of the Wiener-Khinchin theorem. In the autocorrelation method (see previous section) the spectrum is estimated from the autocorrelation function M x M x (t) eq . In experiments, the spectrum is obtained from the record of time evolution of magnetization M x (t). The relation between the autocorrelation and the Fourier transform of time evolution of a quantity X(t) is given by the Wiener-Khinchin relation, that is, the relation between the spectrum of the fluctuation in time of a quantity X(t) and the Fourier transform of the autocorrelation function X(0)X(t) .
We explore the possibility to obtain the spectrum from the dynamics of the quantity itself, i.e. Φ β |X(t)|Φ β from an initial state |Φ β . In this method, we use the time-evolution of the state as in the previous subsection and therefore we can study large systems as well.
A. Wiener-Khinchin theorem
First, we briefly review the Wiener-Khinchin theorem. For a time-dependent quantity X(t), we define the autocorrelation function R(t) and the spectral density S(ω) as
and
respectively. The Wiener-Khinchin theorem tells us that the Fourier transform of the autocorrelation function equals to spectral density:
Note that we assume that the process X(t) is stationary [26] .
B. Dynamics of the magnetization
Next, we apply the idea of Wiener-Khinchin relation to the Kubo formula. By making use of the relation (33) we obtain G(ω) from the spectral density S(ω). Here it should be noted that M x (t) is an operator and the definition of M x (t) is tricky. Definitely, M x (t) eq is time-independent, in fact zero in the present case, and therefore we cannot extract S(ω).
In the following, we propose a method to obtain G(ω) from M x (t) in a quantum mechanical system. This approach is motivated by the Wiener-Khinchin theorem but we do not use the relation (33) directly. In time-domain methods, we use the notion of the thermal typical state (see above) and we use this notion here once more to derive a formula to obtain S(ω) from time evolution of M x (t) [27] .
First we prepare a thermal typical state |Φ β as an initial state. The expectation value with this state gives the thermal average at the inverse temperature β . For M x (t), M x (t) eq = 0 and the expectation value E[ Φ β |M x (t)|Φ β ] is zero, but, in general, Φ β |M x (t)|Φ β is not zero. When we calculate the time evolution of the sampled state we can extract information for the spectral densityM
is not zero and, as we show below, we can obtain the ESR spectrum from the latter quantity.
Taking the basis to be the eigenstates of the system, Φ β |M x (t)|Φ β is expressed in tems of the random numbers {ξ n } as
where |n and E n are the eigenvector and its eigenenergy of the system Hamiltonian H (Eq. (5)). The Fourier transformM T β (ω) (Eq.(34)) is expressed aŝ
where we introduced the function
Note that we cannot extend the range of integration as in the AC method (Eq. (14)) because for a given |Φ β , Φ β |M x (t)|Φ β * = Φ β |M x (−t)|Φ β does not hold in general. For the same number of time steps, this implies that the frequency resolution ∆ω = 2π/T is twice as larger as for the AC method.
As a next step, we calculate the average over the random initial states of the quantity
Using Eq. (20) and the fact that n|M x |n =0, we have
where we used the relation
The spectral density reads
The Fourier transform of the autocorrelation function is given by
By comparing (42) and (44), we obtain a Wiener-Khinchin-like relation for the transverse magnetization:
The imaginary part of the dynamical susceptibility of interest is given by
Here it should be noted that we need to calculate the quantities of β /2 (not β ) to obtain the ESR spectrum of β . In Fig. 3 , we show a comparison of the spectrum obtained by the exact diagonalization method and by the WK method. From Fig. 3 it follows that the spectrum is well reproduced without any window procedure, in contrast to Fig. 2 (Left) obtained by the AC method. This fact is attributed to that the finite time effect (Gibbs oscillation) in the WK method gives positive and smaller artificial peaks in the spectrum (see the Appendix A).
C. Sample distribution of data
In principle, methods that are based on the thermal typical state require sampling over the random states to obtain data for equilibrium. However, as mentioned above, the data obtained by the thermal typical state converge to the thermal equilibrium value as the size of system increases exponentially. That is, the deviation decreases proportionally to D −1/2 , where D is the dimension of the Hilbert space. In AC method, the data are obtained as expectation values of M x M x (t), and for large system the convergence to the equilibrium value is so fast that one initial state suffices to obtain accurate results (see Appendix B for the details). On the other hand, the WK method extracts information from the quantityM T β (ω) whose expectation value is zero, and therefore we have to investigate the fluctuations of the squared variable |M T β (ω)| 2 because it is not obvious that these fluctuations will decrease rapidly as D increases.
In this section, we study properties of sample distribution of the data. To characterize the distribution, we study the variance of |M T β (ω)| 2 :
To this end, we introduce
which is proportional to Eq. (36), i.e.,
where we choose the states |a to be the eigenstates of H . With this choice, a|M x |a = 0 and A aa = 0 which simplifies the calculations significantly. Using these quantities,
and, using the identities Eq. (20) , the expectation of Eq. (52) is expressed as
Hereafter, for simplicity of notation but without loss of generality, we choose 2σ 2 = 1. Note that in Eq. (53), we did not yet include other terms in (46), i.e., Z β . But, as we mentioned above, the variances of them are small and thus we only concern the variance (47).
We calculate the first term in Eq. (47) by making extensive use of the properties of Gaussian random variables. We have
The first term in the curly brackets vanishes because E [ξ * a ξ p ] = δ a,p and A aa = 0. Interchanging the summation indices (r, q) and (s, q) in the third and fourth term, respectively we obtain
and using Eq. (53) we finally obtain for the variances
We want to find bounds to the estimate of the variance Eq. (56). Let us denote the (non-negative) eigenvalues of
We assume that the eigenvectors of AA † and A † A are normalized. Then we have
As (X,Y ) ≡ Tr X † Y defines a scalar product, by the Schwarz inequality
Noting that the last term in Eq. (56) cannot be negative, putting all this together we find
Thus, we find the variance is bounded as
indicating that in the WK method, it is necessary to average over different initial states, also for large systems. This is in sharp contrast to the case of the AC method in which the variance vanishes exponentially with the system size. But Eq. (60) also indicates that the variance is bounded, independent of the system size, and therefore we can obtain good estimates for the mean from finite samples.
We emphasize that the variance of the WK method does not depend on D, that is, the distribution shows a kind of typicality. Thus we can obtain the correct mean with aimed precision by sampling, regardless of the system size.
IV. DISTRIBUTION OF AVERAGE VALUE AND CONVERGENCE IN DISTRIBUTION
In this section we investigate the sample distribution of χ(ω) data. For concreteness, we choose the value of ω to be 4.9916K at which the spectrum has a maximum (peak).
First we show the distribution of data in the AC method for the system N = 10 where D = 1024 and D −1 ≈ 0.001 is rather small. The histogram of this data is given in Fig. 4(Left) . The exact value is denoted by the black line. The mean of the distribution is shown by the bold blue line. The standard deviation (square-root of the variance) is given by the arrow. Clearly  Fig. 4(Left) shows that the data is distributed around the correct value with RSD=0.31025K. As we already menioned several times, as the size of the system increases the variance will vanish as D −1 . The histogram obtained by the WK method is depicted in Fig. 4 (Right). In contrast to the AC method, the distribution is of the exponential type. From the figure, we find the variance is about the same as the average, i.e., RSD=0.98982K. This value corresponds to the lower bound of the estimation (60). This fact will be discussed in more detail below.
We present the spectra for N = 10 obtained by the both methods compared with the exact one obtained by the ED method. Because we have the exact eigenstates and eigenvalues, we computed the results of AC and WK methods by employing Eqs. (36) and (44) using the exact eigenstates and eigenvalues (not by sampling). Although both methods approximately reproduce the exact results, the AC method shows large fluctuations for both n t large and small. On the other hand, the WK method gives rather good agreement.
In the case of the AC method, the obtained values have a narrow distribution around the mean, and it is known that the variance decreases as D −1 . In this sense, the AC method has an advantage. But the WK method also gives correct estimates by sampling and the obtained shape of the spectrum is close to the exact values.
A. Special case 1: Energy gap selection
In the previous section, we found that the relative variance is close to one, the minimum value of the bound Eq. (60). In this subsection, we consider the reason of this fact. To derive Eq. (60), we considered the general case. But we can also use the fact that A ap (Eq. (51)) is almost zero except when ω ≃ E a − E p . If we assume that there is a unique set (n, l, m) which satisfies the conditions E m − E n = E m − E l = ω and m|M x |n m|M x |l = 0 then all terms are negligibly small except for the term Tr AA † 2 . Therefore
which is indeed what we have observed in our actual calculations.
B. Special case 2: Isolated delta function
We give the variance of the WK method for the case where the spectrum consists of well-separated delta functions which are given only by a single resonant pair of states, that is the non-resonance condition that if E m − E n = E m ′ − E n ′ then (m = m ′ and n = n ′ ) or (m = n and m ′ = n ′ ) is satisfied. Then, we can use the fact that approximately δ T (x) = δ (x) and we have
The variance is estimated by making use of the relation:
Thus, the relative variance is 3, a result which does not depend on D.
In the AC method, the variance of sampled amplitude of the isolated delta functions is the same as the expectation value for the present case and RSD ≥ 1. However, the isolated delta function in the spectrum is only relevant in small systems. For large system with large D, the amplitude of the isolated delta function is small and we can ignore it.
V. THE TOTAL AMPLITUDE OF THE SPECTRUM
The total amplitude of the spectrum, or the intensity, i.e. the integral over the absorption spectrum (Eq. (2)), is given by
It is one of the fundamental pieces of information obtained in ESR experiments. Its temperature dependence has been calculated for the single molecular magnet V 15 [17] . In this subsection, we demonstrate that I x obtained by the WK method correctly reproduces the exact ED results. Details of the analysis are given in Appendix A. In the WK method, a delta function is represented by the sinc-function
Because of the relation
the intensity I x is obtained correctly by analytical integration. However, when the DFT yields the spectrum at discrete points ω = 2kπ/T, k = 0, 1, 2, · · · , n t − 1 only. Thus, the integral over the ω is given by a discrete sum. In Appendix A, we demonstrate that the discrete sum agrees with the analytical result. We also show that for the AC method in which the discrete points are given by ω = kπ/T, k = −n t , · · · , −1, 0, 1, 2, · · · , n t − 1 we recover the analytical result of the intensity, in spite of Gibbs oscillations. We calculate the results of AC and WK methods by evaluating the formulae for the expectation value by using the exact eigenvalues and eigenstate, as we did for Fig. 2 and 3(Left) , i.e., without sampling over thermal typical states. In Fig. 6 , we show that both the AC and WK methods reproduce the results of the ED method. 
VI. APPLICATIONS TO LARGE SYSTEMS
As an example of application of the methods to larger systems, we compute the spectrum by the AC and WK method for N = 16 with n t =16384. For this size, we can still compute all eigenvalues and eigenstates, hence we know the positions of the eigenfrequencies and the corresponding amplitudes. The ensemble of delta functions is turned into a histogram by using a frequency mesh ∆ω = 2π/T , (T = 16384 × dt(= 0.5)).
In Fig. 7 (Left), we present a comparison between the spectra obtained by ED and AC methods. The data obtained by the AC method shows sharp features because we did not use a window in the DFT procedure. As the statistical fluctuations on the autocorrelation are small, 10 samples suffice to find almost perfect agreement with the ED result. Therefore, we may conclude that as the size of the system increases, the effects of finiteness of the time interval reflected in e.g. Gibbs oscillations seems to be small whereas we found serious effects in the case N = 6, 10. In Fig. 7(Right) , we show the comparison between the spectra obtained by the ED and WK method. In the WK method, we took 52 samples, and we did not use a window function for the DFT procedure. Here we again find a good agreement but the variance of ensemble average is about the same as the mean as we found in the case N = 10. We conclude that for N = 16, the results of both methods are in good agreement those of ED.
With above observation, we also obtained spectra for N ≥ 20 by the AC method. Up to now, we adopted the periodic boundary conditions (PBC). For a change and also because open boundary condition (OBC) is of interest because they occur in actual materials, we show results for N = 20 obtained for both boundary conditions. In Fig. 8(Left) , the red curve (circles) is the spectrum obtained with PBC and the blue curve with triangles is that of OBC. We find that the spectrum of OBC has a shaper double peaks in the center, but the global shape is similar in both cases. Finally, we present spectra for N = 24, 26 for OBC in Fig. 8 (Center) and (Right), respectively. We used n t = 16384 with dt = 0.5 for N = 20, and n t = 8192 with dt = 0.5 for N = 24, 26 and did not use any windowing procedure. From the size dependence, we conclude that the double peak structure will survive in the large size limit. 
VII. SUMMARY AND DISCUSSION
We have studied time-domain methods to compute the ESR spectrum through sampling of thermal typical states. Although it has been known that the autocorrelation function can be obtained with a few samples thanks to the typicality property, practical aspects of these calculations have not yet been explored.
We proposed a method to obtain the spectrum from the motion of M x by making use of the Wiener-Khinchin-like relation. The dynamics of magnetization from sampled initial states provides an estimate the spectrum density. But in the quantum equilibrium state the expectations value of M x (t) and the sampled data for the spectrum density M x β (ω) are zero. Then, we take thermal typical states as initial states ,and obtain the average of squared spectrum density |M x β (ω)| 2 , i.e., the Fourier transform of the autocorrelation function. To this end, we proposed a quantum mechanical version of the Wiener-Khinchin relation. However, it should be mentioned that the WK method does not directly relate to the experimental situation. Because M x β (ω) eq = 0, the averaged squared spectrum density |M x β (ω)| 2 does not converge to a mean value but has a finite distribution, also for large systems. Therefore the convergence property of the thermal typical state does not apply in this case. We studied statistical properties of the distribution and found that form of the distribution converges in the sense of typicality. We derived bounds on the relative variance of the distribution.
In time domain methods the effect of finite observation time is an important issue. We studied this aspect in detail for both the AC and WK method. It was found that for small systems, the AC method is suffering from severe effect of finiteness of T while in WK method the effect is practically suppressed. The WK and AC methods give complementary information for the effects of finite T and a comparison between them is useful to confirm that the obtained result is not affected by the finiteness observation time. We also found that for both the AC and WK method, the effect of finiteness of T decreases with increasing system size. As the system size increases, the efficiency of the AC method increases too.
We presented the spectrum for a one-dimensional XXZ chain up with to N = 26 spins, where the spectrum shows a double peak which will be sustained in the thermodynamic limit. In our numerical work, we focussed on chains with an even number of spins. The ESR spectra of chains with an odd number of spins show behavior that is qualitatively different from the one of chains with an even number of spins, meriting a study in it own right. As the focus of the present paper was on time-domain methods rather than on specific applications, we relegate this study to future research.
In summary, in this paper, we proposed the new method to compute the ESR spectrum by making use of mathematical relations discussed in Sec III. We have studied one particular time-domain method based on the Wiener-Khinchin theorem but there are many other ways to obtain the spectrum density by making use of relations similar to Wiener-Khinchin theorem. For example, if we calculate
we can obtain a similar expression. Studying the relation among them is an interesting problem for future research.
Expression Eq. (A4) can be written as a convolution:
indicating that the spectrum we want is deformed byĤ
In Fig. 9(Left) , the blue dashed curve shows the modulus of Eq. (A8). If F(ω) is a delta function δ (ω − ω peak ) the spectrum obtained by DFT is
for ω given by the mesh points {ω k }. If ω peak is one of the mesh points, the DFT spectrum has a single peak. However, if ω peak is located in an interval of mesh points, the DFT spectrum has several peaks as shown in Fig. 9 
(Right). The oscillation of H(ω)
even gives peaks with negative amplitude. The red rods show how the delta function in the correct spectrum at the position of green box appears in finite discrete spectrum in the AC and WK methods. In contrast to the AC method, in the WK method the spectrum is squared and the spectrum is given by | F(ω)| 2 , hence the spectrum is positive by construction. Although Gibbs oscillations are present, they give a width due to the finite time window and do not affect the spectrum much. In Fig. 9 and 10, we show comparison ofĤ(ω) and |Ĥ(ω)| 2 respectively. Note that in the WK method, we can obtain the discrete spectrum only at the points of even k's. In order to avoid these apparent negative peaks, a window function, often a Gaussian, is introduced:
This treatment replaces f k by
The resulting spectrum |G(ω)| is depicted in Fig. 11 . The parameter α determines the artificial resolution of the spectrum. Within this resolution, the Gibbs oscillations are smeared out, hence we can reproduce the spectrum as discussed in section II C. The width of the Gauss window α is known to be taken as
where ε is a number of the order of the smallest number of the computer resolution, say ε = 10 −12 .
Conservation of Intensity
As mentioned in Sec. V, the total amplitude of the spectrum is reproduced correctly by the WK method and the AC method, despite the presence of Gibbs oscillations caused by performing DFT. In the subsections that follow, we demonstrate this fact analytically for both methods.
a. Wiener-Khinchin method
In the case where ω is a continuous variable, the total amplitude of the spectrum is independent of the time T because of the following relation;
In numerical calculations, the Fourier transform is discretized and the Gibbs oscillations may seem to bring some deviation of the intensity. But in reality, as shown below, a sum rule such as Eq. (A13) holds even in the discrete case and the correct intensity can be calculated without being affected by the Gibbs oscillations, independently of the time T . Suppose that there is a peak between two successive ω k values. Then the DFT and the total amplitude of the spectrum are given by
where δ is the deviation of the peak's position from a discretized ω, and M should be taken sufficiently large to sum up the amplitude around the peak. At the same time we assume that M ≪ N. Then we can use the following relations:
we find that
in agreement with [22] . Moreover, by the Schwarz inequality we have in general
and hence that is, the norm of the thermal state is, up to statistical fluctuations which vanish as 1/D, equal to the partition function.
Approximate estimates
In this subsection we write Z = e −β H and to simplify the writing (but without loss of generality), we also choose σ = 1/ √ 2. The general idea of the approach is that it suffices to generate one thermal typical state |Φ β to find good estimates for Y eq = Tr e −β H Y /Tr e −β H The question is if we can prove that the statistical fluctuations are small in some sense. The problem is the following: In the simulation we generate a thermal typical state |Φ β and compute Φ β |Y |Φ β / Φ β |Φ β . In the present paper, we assume that the denominator and numerator are averaged and then we form the ratio. But if we take the ratio first and then we take the average, the estimate is different. In the following we study the variance in this case. Although from Eq. (B5) we know that variances of these two quantities are bounded from above, we do not yet have a bound on the variance of the ratio of them. The purpose of this subsection is to address this point.
A simple method to estimate averages and variances of the ratio is to make use of the multivariate Taylor expansion for the average E 
The second and third term in Eq. (B21) vanish exponentially with the system size because we see 
It is easy to find an upper bound for the terms in the curly brackets. We have
and hence we find
showing that the variance vanishes exponentially with the system size N.
